The univariate method of predicting the properties of the inbred lines produced by single seed descent for single or pairs of independent characters is extended to predict their properties for two or more characters simultaneously irrespective of their interrelationships. The bivariate and trivariate predictions for two and three characters segregating simultaneously require only one parameter, the additive genetic correlation between pairs of characters, in addition to those required for the univariate case, Satisfactory estimates of all the parameters can be obtained early in the inbreeding programme for an F, triple test-Cross.
tive of their interrelationships. The bivariate and trivariate predictions for two and three characters segregating simultaneously require only one parameter, the additive genetic correlation between pairs of characters, in addition to those required for the univariate case, Satisfactory estimates of all the parameters can be obtained early in the inbreeding programme for an F, triple test-Cross.
The procedures for making bivariate and trivariate predictions are illustrated using parameters estimated from an inbred triple test-cross and for one pair of characters from an F, triple test-cross, all the material being derived from a cross between varieties 1 and 5 of J'ficotiana rustica. The predictions are compared with the properties of a random sample of 80 F,, families derived by single seed descent from the same cross.
Although there appears to be a good overall agreement between the predicted and observed properties of the F1, families, a statistical test of the accuracy of the predictions must await larger sample sizes than the 80 families currently available,
INTRODUCTION
JINKS AND P0ONI (1976) have described and illustrated procedures for predicting the properties of the inbred lines produced by single seed descent following a cross between two inbred parents both in the absence and presence of non-allelic interactions. In general there was close agreement between these predictions and the observed properties of such inbred lines even when the distribution of the inbreds was significantly non-normal (Pooni, Jinks and Cornish, 1977) . Their procedures, however, will lead to useful joint predictions for two or more characters simultaneously only if these characters are independent. Simultaneous predictions for two or more characters, is-respective of the correlations among them, would be of considerable practical value as well as of theoretical interest. In this paper, therefore, we extend our univariate procedures to cover the joint segregation of two and three characters so that the proportion of inbreds expected to fall outside of some predetermined limits, such as those set by any particular combination of parental scores, can be predicted. It will be shown that this extension requires no additional experimentation and provides bivariate and trivariate predictions that are acceptable in practice.
EXPECTED PROBABILITIES
At the univariate level we concentrated on the allocation of the inbred lines to one of three classes, namely, those scoring higher than the higher scoring parent P1; those scoring lower than the lower scoring parent P2; and those falling between the limits set by the parental scores. We could, of course, have equally used any other limits, for example, the F1 score or the P1 score plus any value we care to specify without any change in the procedures. Having chosen our criteria, we predict the proportion of inbred lines falling outside of the limits by solving the relevant univariate probability integrals. For example, the expected proportion of inbred lines with a score greater than P1 is obtained from 5 f(x). dx and the corresponding proportion for those with lower scores than P2 is obtained from rP2 j f(x). dx of a normal distribution with mean t and standard deviation u.
Similarly, it is possible to allocate the inbreds to nine classes if they are scored simultaneously for two characters, say x1 and x2. If, however, we retain the same criteria, four of these classes only would be of direct interest to us, namely, those which predict the proportions of inbred lines which score (1) higher than P11 and higher than P12(>Pii>Pj2); (2) lower than P21 and lower than P22( <P21 < P2); (3) lower than P21 and higher than P12( < P21 > P12); and (4) higher than P11 and lower than P22( > P11 < P22). Following the univariate example these probabilities can be obtained from 5 5 f(x1, x2).d1.d2 for (1) On the same criteria, for three characters x1, x2 and x3 there are eight permutations of the parental scores that would be of particular interest and the proportion of inbred lines falling outside of the limits set by any parental combination can be obtained from the appropriate trivariate integral. For example, the proportion of inbred lines with scores consistently higher than the higher scoring parent for all the three characters (>P11 > P12 > P13) can be obtained from 5 5 5 f (x, x2, x3 The only remaining parameters are the correlation coefficients. The genetic correlation between a pair of characters for coupling (C) and repulsion (R) linkages in the derived inbred population will be Jinks and Pooni (1976) the linkage coefficient was incorrectly given as twice this value). Here pj is the recombination frequency between the ith locus of x1 and the jth locus of x2 at F1 gametogenesis and d11 and dm21
are the respective additive effects of these loci for the two characters. The recombination frequency takes a value of OO to 05 depending upon the strength of the linkage and is equal to zero for pleiotropy (Mather and Jinks, 1971) . For the reasons discussed in the previous paragraph we will be interested primarily in the genetic rather than the phenotypic correlation. The best estimate of this correlation for making predictions early in the inbreeding programme will be provided by the variances and covariances of (L + L2), or of (L1 + L21 + L3) of an F2 triple test-cross (Kearsey and Jinks, 1968; Pooni and Jinks, 1976) . For a pair of characters this estimate of the correlation has the expectation of -x which while not equal to p in the population of inbreds derived by single seed descent from the same F2, is the best approximation at this stage in the inbreeding programme and it is obtainable without additional experimentation.
In the presence of epistasis Dc-a, (see table 2 and Pooni and Jinks, 1976) . All the parameters we require for making our predictions can, therefore, still be estimated from the six basic generations (P,, P2, F1, F2, B1 and B2), and an F2 triple test-cross.
EXPERIMENTS AND RESULTS
The experimental material consists of 80 pure-breeding F11 families produced by single seed descent from a random sample of F2 individuals of a cross between varieties V1 and V5 of J'/icotiana rustica; a triple test-cross set of families obtained by crossing each of the 80 inbreds to either parent (V1 and V5) and their F1 (V1 x V5) and the six basic generations (P1, P2, F1, F2, B1 and B2) derived by selfing and backcrossing V1, V5 and their F1 amongst themselves. The material was raised in a single experiment during the summer of 1973 and individual plants were scored for three developmental heights (H1, H2 and H3), flowering time (FT), height at flowering (HFT), leaf length and leaf width of the largest leaf blade (LL and LW), leaf spread across the plant involving largest leaf (LS) and final height (FH) . All the characters were scored in centimetres (to the nearest 0-5 cm) except for FT which was scored in days. Fuller details of the experiment have already been published (Pooni and Jinks, 1976 ) and the estimates of in table 4 by Pooni, Jinks and Cornish (1977) and will not be reproduced here. In table 1, however, is a summary of these results in the form of abscissa values which correspond to the P1 and P2 means (allowing for epistasis) and the corresponding predicted proportions of inbreds falling outside the limits set by these parental means. To predict the bivariate and multivariate properties of the inbreds derived by single seed descent we also require estimates of the genetic correlations. Although it does not yield exactly the form of the correlation required for making these predictions the best estimate in the early stages of an inbreeding programme are obtained from an F2 triple test-cross using the (L11+L21) or (L1+L2+L3) values (section 3). These are available for two of our characters only, flowering time (FT) and final height (FH) (Perkins and Jinks, 1970) . For the others, therefore, we shall obtain the correlations from these expressions in the inbred triple test-cross reported in this paper (Section 4). Since this test-cross is based on a random sample of F10 inbreds the results can be used to illustrate the procedures but not, of course, to test our ability to predict the outcome of an inbreeding programme at an early stage. The actual correlations observed between the pairs of characters in the 80 F11's produced by single seed descent and the estimates of these correlations from the inbred triple test-cross and the single estimate for FT and FH from the F2 triple test-cross are listed in table 2.   TABLE 2 The correlation coefficients for the 36 pairs of characters (1) The expected value of various bivariate integrals described in Section 2 can be computed for different pairs of characters by utilising the respective abscissa values and the bivariate density functions. However, normal hivariate probabilities have already been tabulated by various research workers and we will base our estimates on the tables produced by Owen (1956) . The fundamental formula for finding any specified proportion of a bivariate distribution is given by Owen as:
where B(h, Ic, p) is the probability integral from -ci to h along X-axis and from -cc to /c along r-axis when the two characters are related to one another with p. G(h) and G(k) are the univariate integrals as obtained by Jinks and Pooni (1976) The T-function is tabulated only for limited values of a (ai or ak) and its value for any other value of a can be worked out as:
We can obtain the bivariate probabilities using these formulae for each of the 36 pairs of characters which are possible from nine metrical traits. For illustrative purposes, however, we will take only H1, H3, FT, LL and FH because not only do they display among themselves both positive and negative and strong and loose correlations but they also exhibit maximum variability among the nine characters for their heritabilities (see table 2 of Pooni et al., 1977) . They also present a contrasting picture in respect of their levels of additive xadditive epistasis [i], skewness (g1) and kurtosis (g2).
The expected probabilities for every pair of characters in respect of H1, H3, FT, LL and FH, which were worked out using the estimates of p based on the (L1 + L2 + L3%) comparison and the F2 triple test-cross (table 2) are  presented in table 3 together with the corresponding observed proportions within the sample of 80 inbreds. We will illustrate how these predicted values were obtained with particular reference to H1 and H3.
(ii) Example
The four bivariate integrals of particular interest for H1 and H3 are:
J 5 f(x1, x2; p12).d1.d2; 150 125 ('004 (' (3) f(x1, x2; p12).d1.d2 and J-Ji•s (4) f(x, x2; p12).dj. d2 These expected probabilities are, as usual, based on the assumption that the observations are taken from an inbred population of infinite size. The observed and expected proportions therefore can deviate from each other simply because the observed probabilities are obtained from a small sample of such a population. These deviations, however, should be marginal and non-significant if our assumptions about the normality of a bivariate population hold good and if the sample truly represents the population in question. One would normally, therefore, test the deviations between the observed and expected proportions (table 3) as a x2 but because of the very low expectations of some of the classes for a sample size of 80 this test has not been applied and its application must await large sample sizes. It is clear, however, that the expectations are the correct order of magnitude. And in one case only (H3, FH) which involves the character H3 that showed significant deviations in the univariate predications (Pooni et al., 1977) are the deviations between observed and expected large enough to cause concern.
(iii) Estimating trivariate proportions
The bivariate technique can be readily extended to predict the properties of inbreds in respect of three characters, x1, x2 and x3. For example, the probability of inbreds having higher scores than the P1's in respect of all the three characters can be obtained from a trivariate integral J f $ f(x1, x2, x3; P12' P13, p23).dx1.dx2.dx3 P,,,1 Pi,,2 P13 and there are seven other similar integrals each representing a permutation of parental scores. Their numerical values can be obtained by various methods, the simplest being to use the standardised normal trivariate tables provided by Steck (1958) . This method utilises the abscissa values and the correlation coefficients already derived for bivariate distribution.
The fundamental formula used for obtaining trivariate integrals is: The values of S-functions and further details of these formulae have been given by Steck (1958) . The S-tables however are based on the assumption that all the three abscissa values are either negative or positive in sign. Any combination of negative and positive values must therefore be adjusted accordingly to make them compatible with these formulae (see example below).
(iv) Example
Trivariate predictions can be made for any of the 84 combinations of three out of nine characters under study. However, the combination involving H1, LL and FH has been selected as an illustrative example because these characters not only incorporate a wide range of negative and positive correlations and different levels of heritability and epistasis but they also represent the three principal components which jointly are responsible for most of the morphological variability in the V1 x V5 cross of J'ficotiana rustica (Eaves and Brumpton, 1972; Perkins, 1972) . The probability of any inbred attaining a score > P > DILL > 1FH can therefore be obtained from the corresponding trivariate integrand: J J $ f(x, x2, x3; -033, -033, 066).dx1.dx2.dx3 (1) 150 -031 044 If the normality of the trivariate distribution is assumed, the same integrand is symmetrical and can therefore be replaced by ('-150 ('+0•31 ('-044 j j J f(x1, x2, x3; -033, -033, 066).dx1.dx2.dx3 (2) 
(1)
LL FH Obs'd 29 The abscissa values -l50, O31 and -O44 however, do not satisfy the conditions that they should have the same sign. This problem is solved by a simple mathematical manipulation whereby any trivariate integral is replaced by a similar integrand which has abscissa values with the required signs. The latter can then be solved.
Integrand (2) can be rewritten as: ('-1.50 ('m ('-044 f(x1, x2, x3; 033, -033, -066).dx1.dx2.dx3 (3) given. Again the sample size of 80 is too small to permit a reliable statistical test of the agreement between the observed and expected frequencies and such a test must await larger sample sizes. However, the predictions are clearly the right relative orders of magnitude. We have now extended our univariate method for predicting the properties of a random set of inbreds in respect of individual characters to predict their properties in respect of two or three characters simultaneously, irrespective of whether they are independent or not. In theory we can make these predictions by adding one new parameter, the additive genetic correlation between pairs of characters, to the genetic parameters of the univariate case. In practice, a close approximation to this correlation can be obtained from an F2 triple test-cross which also provides the best estimates of all the other parameters required.
We have tested the predictive power of the extended method by the joint properties of the 80 F11 families of the V xV5 cross raised in 1973 in respect of both flowering time (FT) and final height (FH) using estimates of parameters obtained from a triple test-cross of the F2 of this cross raised in 1965 (table 3) . We have also illustrated the procedures by showing how we can predict the joint properties of the F11 families in respect of 10 pairs of characters (table 3) and one combination of three characters taken simultaneously (table 5) using estimates of parameters obtained from a triple test-cross of the inbreds themselves. On the whole the agreement between these predictions and the observed properties of the inbred lines is as good as for the univariate procedures described earlier and it is certainly good enough for most practical purposes. Statistical tests of the accuracy of the predictions, however, must await larger sample sizes than the 80 inbreds which are currently available. With this in mind, a number of experiments are in progress each of which will yield many hundreds of inbreds by single seed descent and provide estimates of all the parameters required for making the predictions from an F2 triple test-cross.
